Fluctuations of Maxima
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3.1 Limit Probabilities for Maxima



HﬁﬂEIﬁEM""“EEI‘JE* 13 ThEEE

Page 114

* X, Xy, X, . Aid. JERURIBENIRE, RSB F
+ EMEARRKE M,:

My =X,, M,=max(Xq,...,X,), n>2

° Xja:“d El}]X1, Xz, coop ﬁ:

P(M,<z)=P(X;<uxz,...,X, <x)
iid
=P(Xi<z)x..xP(X,<z2)=F"(z), z€R, neN
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EAEREINZERIETE

« BX 2r B F AmR, Blzp =sup{z e R: F(x) < 1};
¢ gZE<J]F:
P(M,<z)=F"(z) -0, n—oo

cBHrp <00, T2 TR
P (M, <z)=F'(z)=1
« M, B n FEVERREE, MATLERE— NESEIEAEse

M,, as, Tp, N — 00 (31)

Page 115 6/91



SHARHI3EIR RIS

- BEFERSE ¢, >0, d, €R, {8
(M, —dy) S H, n— oo (3.2)
° —F:_th:ll Up = Cnx+dn:

H(z) =P (c," (M, —d,) < z)
=P(M, <cyx+d,) =P(M, <uy,) (3.3)

-+ PR AMRR, P (M, <wu,) BEBEISE, AARERET—ME
EARTEL?

Page 115 7191



ERE(

Proposition 3.1.1 (Poisson Approximation)

SIFLETE 7 € [0, 0o] FI—HNSLEL (v,,), TEMRTVEMN:

nF (u,) — T,
P(M, <wu,) —e.

Page 116, iERAMIHN 8/91



HIE{L (cont'd)

Remark: ;BfAR{RISKIE
Fo<rt<oohl, £

n

=1

iy
B, % Poi(r) « E(B,) =nF (u,) — 7

TESE:
P (M, < u,) =P (B, =0) = exp{—7}

Page 116 9/91



£, P (M, <u,) SIEIFEHERE 01

Corollary 3.1.2
RIK 27 < 0 H

F(.%'F—) = F(mp) = F(iL’F—) > 0.

A TESRIFS (u,) BB

P (M, <u,) = p,

Page 117, IERAIN 10/91



fE@ad, P (M, <u,) SUEIFiRER 08K 1 (cont'd)

Corollary 3.1.2

MR—DMERBLGRR (AiRRERA) MEERk, M, BAERHR
RO AT,

Page 117, UEBAILIH N 11/91



ZHE X Aln = RIS

Theorem 31.3

< F REBAmR r < co NEFRDHRE, BS 7€ (0,00). FEHE

nF (up) = 7 A (u,), SHENZH
lim F(z)

e Fam) )

L FABBESTES, F(o—)=F(z—1),

Page 117 12/91



NAZES XGRS FEaRSHmaIflF

Example 3.1.4-3.1.6
XJF Poisson 570, JUAIS AR IS e, WEBHZ 3.6 FFASARAZ:

lim _F(m)

wtor F(z—) 1 el

Page 118-119, IFBAIIHN 13/91



3.2 Weak Convergence of Maxima
Under Affine Transformations



EXRRES

WaiEIR D HmEAA?
Definition 3.21 RAKISERSH
WEXSTFIdW X, Xy, ..., X,, BRENFS ¢, >0, d, € RFIEND

n>?2, #8:
max (Xy, ..., Xp) o X +d, (3.7)

MWFR—MNEBRCAIBENZEE X (WAL HE RO MRS BRARE
1. WE:

4

(M, — dy) £ X (3.8)

Page 120 14/91



ERARESHTHEXERRSHRIIXR

Theorem 3.2.2 R RISERHHIRKERIRDHHIXR
BAEESTNIFH IR R B o mEHN S EREAE (B
EFREL) BITRBR 70,

BRI PO mE “E—. 2K

Page 121, IERBILHN. 15/91



F%5% (same distribution) FIEZ (same type)

EX
[F%% (same distribution) 79:

]

X=Y

2 (sametype) A, FEecRb>0, B:

XLy 44

Page 554, A15
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FEXRBIGEL (Convergence to Types)

Theorem A1.5: Convergence to Types Theorem

S A B, Ay A, ... FIBENZSE, b, > 0,8, > 0,a,, 0, € R AEE, BRIR
by (A, —a,) S A, BRATHEMXR:

B! (An—an) 5 B (A2)
B3z, HBEXH
li_)m bn/Bn = b € [0, 00), 11_{11 (@, — ) /Bn =a €R. (A.3)

NS (A.2) FESZ, BBA B £ bA+a, Ba,b BE—EELERMIIAEE.

Page 554, A15 17/91



EEXEBIGES (Convergence to Types, cont'd)

Theorem A1.5: Convergence to Types Theorem

%\ A7 B, A17 A27 .. jjlzﬂ*}-LXEI bn > O?B’n > O) Ay, Oy S R %%%&I 1E§i§
b (A, —an) > A, BBATERIXR:

B (An = an) S B (A2)
Bz, HBNZH
li_r)n bn/Bn = b € [0, 00), 11_1)11 (an — o) /P =a € R. (A.3)

5 (A2) pkyz, AJFRBHSBMRE >0, A B BFE—X.

Page 554, A15 18/91



IESHR AR CMRBREIR: Fisher-Tippett theorem

Theorem 3.2.3: Fisher-Tippett theorem

ik (X,) BRI ESHENEERS. WREENEHSE e, >0, d, cR
M—EARRURIRRD MR [ (15

(M, —dy) S H, (3.9)

n

B4 H BTLAT =M Hmr0EF—:

0,z<0

a > 0.
exp{—x~*},z >0

Frechet: @,(z) = {

exp {—(—-z)*},2 <0
1,2 >0

Weibull: ¥, (z) = { a > 0.

o Gumbel: A(z) =exp{—e*}, zeR e



Fisher-Tippett EIEARI=F5 7

S |
- " Weibull
" Gumbel
— " Fréchet
= a
@
c
[7]
[a) a
o |
° I I |
4 -2 0 2 4

Page 122, Fig3.2.4, Fréchet ] Weibull 575HY o ERi%A 1. 20/91



Fisher-Tippett TEIEAIAT{R{E

83X R X85
library(shiny)

runUrl("https://yuanzhuang.xyz/uploads/EVT/FTG.zip")

Fisher-Tippet-Gnedenko Visualization

o
o
o <
o
o

21/91
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Fisher-Tippett theorem RYiEBR B2

SFRE >0, B:
Fir (c[m]x + d[m]) — H(z), z€eR
A
FU (e, + dy) = (F™ (coz + )™ — HY(z)
FH Covergence to types theorem, TFERREL v(t) > 0,0(t) € R i%E
Ay — Ay

Cn

lim — =~(¢), lim o(t), t>0,
n—oo C[nt] ’Y( ) n—roo C[nt] ( )
H
H'(z) = H(y(t)z + 5(t)) (3.10)

Page 122 22/91



Fisher-Tippett theorem HERREEE (cont'd)

2
H'(z) = Hy(t)z + 8(t)) (310)

=
V(st) = v(s)y(t), (st) = 7(£)o(s) + 5(2) (31)

ERRETSTEE =K.

Page 122, BIEHESIHN 23/91



%F Fisher-Tippett theorem B/ FSEIR: (HEIEHR

- IRPREIREDEI IR TR, RNSFEERITHSE. WR:
le P(c," (M, —d,) <z) = H(cx +d)

ﬁB/A\, 5@:.]: 677 - Cn/c *D Czn - dn — an/C, E

i (5 (s 2) <) = 109

Page 123 2491



XF Fisher-Tippett theorem BIJLiEEEIR: Weibull DHHIEN

Page 123

* BRI Weibull DFRREMIH—RRTE [0, +00) E:

Fz)=1—-¢", >0

+ FRT Weibull DFRFIFAIFTRY Weibull DA LAUXFEEHR .

Uy(x)=1-F,(—z), <0

DIEEHTNE U, (2) FRA "Weibull EV", (BERFTH, ATESR,

- BB
RERER U, () 1B9 Weibull 315,

25/91



XTF Fisher-Tippett theorem BI/LRiTEHIN: RESHEBGXR

- BASHOMERRTOAR, EBe(IEXEFEREEXR:
X has df &, <= In X* has df A = — X' has df T,

Denition 3.2.6

T 3.2.3 RFIHEY @, U, F1 A IERERES R, 1BNAIBENIZZZE0Y
TNERETZE. 0., V., f1 A X—ERIDHIUERES R, 1BNAIBE
L ENR(EHTZE.,

Page 123-124 26/91



IRERER HIIRKIRERTE

. Fréchet: M, L nl/eXx
- Weibull: M, £ n=VoXx
« Gumbel: M, 2 X +Inn

Page 124 27191



EAER F T, SERXEMRRSHETA?

Example 3.2.7 iE8 I3 T R K(ERIRIR S
P(M,—Inn<z)=(P(X <z+Inn))"
= (1 — n’1e"‘)n
—exp{—e®} =A(z), z€R

Page 125 28/91



NEGEERXERIRSHUNESE: 1848 VS Gumbel

S
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© |
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Page 126, Fig3.2.9, &R X 29/91



{EF Gumbel BHIELIZ M EHEERKENETNIRE

0.08
|

B =5

0.06
|

Relative Error

0.02
|

0.00
|

Page 126, Fig3.29, THIBH X 30/91



EAER F T, SEEXERNRRSHRETA? (cont'd)

Example 3.2.8 IS HRAEIRIRS

PSRy df A4:
flz) = (r (1 +:162))_1 , T€R
FrLAG : P . ;
S ) e e ()

BEE F(x) ~ (rz)~",

Page 125 31/91



EAER F T, SEEXERNRRSHRETA? (cont'd)

Example 3.2.8 IS HmA(ERRRS T

P(an <) = (-7 (%))

Page 125 32/91



NEGEERXERIRSHUNESE: I8 VS Frechet

06 08 10

DF

0.4

0.2
|

B Fréchet
B pn=5

0.0

Page 127, Fig3.210, &4y
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{EF Fréchet BMmELIZNMIHEEEXERNENRE

o
o
o B =5
o B =10
o =
S "n=20
S
& _|
[1}]
2 =
0] o _|
T o
2 S
[o.o]
o |
< T T T T T
0 5 10 15 20

Page 127, Fig3.210, &% X 34/91



AR N T, RXERDSHSRESHIELIEE

83X R X85
library(shiny)

runUrl("https://yuanzhuang.xyz/uploads/EVT/FTGApproximation.zip”)

Sample Maxima Approximation Using Extreme Value
Distributions

Using Gumbel to fit maxima of N iid Exponential Rvs Number of iid Exponential Rvs:

= Niid Exponential RVs

Number of iid Cauchy Rvs:

DF

Number of iid Normal Rvs:

00 02 04 06 08 10
L L L L L 1

35/91



3.3 Maximum Domains of
Attraction and Norming
Constants




. ¢, ¥ d, MiZEEFIZE? (HXFE E—mHELKSRFTHL])
- AMARIRFEANE, 57 F FERAEAWRIRESTEE Fréchet, Weibull 0
Gumbel FFRIBF—AN? (RIS |IEFDS-KZERTEE4)

Page 128 36/91



=P N e

Definition 3.3.1

SNERFIEES c, > 0,d, e RFER ' (M, — d,) S H, FiHBEZSE X
(X NERDMRE F, X 9Mh) BTFRES H BISKRE [, ZX
HO BN X € MDA(H) (F € MDA(H)),

PARHBESTER:
lim P (M, <c,x+d,) = lim F"(c,x +d,) = H(x), z€R

n—oo n—00

Page 128 37/91



KRS EHAIRITE (RESEB&EXIESRAIF)

Proposition 3.3.2
FBTHREST H EAREE, BEEEHSE ¢, > 0,d, € R ZH(X
%

lim nF (c,x +d,) = —InH(z), x€R.

n—0o0

H(z) = 0BT, IRBRIME oo,

Page 128, WERAE#E(FF Poisson IA{il 38/91



By SitieHiEIEHLR

- IENIZHEAERATR (BiFsR A31)
- BZ (Definition 3.3.3)

Definition 3.3.5: {uZiEREy
Fo(t)=inf{z €R: F(z) > 1}, 0<t<1
EXT F it 9.

Page 129-130 39/91



3.31 Fréchet 2% RITRAINS |13




Cn H(Ji&ﬂY: F H’:] 1— 1/’71 ﬁ'ﬁ‘iﬁa

c, = FT (1 —n’1) :inf{xeR:F(:U) > 1 —n’1}
=inf{z € R: (1/F)(z) > n} (313)
= (1/F)"(n).

d, 730, HHEAFZEFOL,

Page 131 40/91



o, ERARSHFRIRERM: F BEBIENENX, S8H —

Theorem 3.3.7: ¢, BIRAKIES |1
F BT ©,,a> 0 BRI, HBXY F(z) =2°L(z) (BF2E
FeR_,), B L ZEMETRZEL,

48R F € MDA (9,), BBA
M, % @, (314)

Hepe,  FRI1-1/n 2L (B 373).

Page 131, UEBAILIHNY 41/91



EEFEEHE. ERWHRR F € MDA (0,) F44?

Corollary 3.3.8: von Mises condition
< F@XiEs, BERERE f, HRE

lim 1Ef’<aj>

=a>0
Z—00 ]T(x) @ ’

HB4 F € MDA (®,),

XE—AFROFEM, TMARTESRM.

Page 132

(316)

42/91



EARSIHPEERFEHES?

Proposition 3.3.9: Closure property of MDA (®,,)

< FHGRERDHMEL, RRF c MDA (0,) , HIEMWSED
¢, >0, LR

lim F" (cpx) = @o(x), x> 0. (317)

n—o0

ABA
lgn G" (cpz) = Py(cx), x>0,
SBfXE Fil G BEM:

lim F(z)/G(z) = .

T—r00
Page 132 43/91



Fréchet BHERARSIHPHIBHRTA?

* BWIE von Mises ZARIDHIISENIIBFNHID,
* & F LA —a AEEHENZHNDS TS,
- BiRcRIR, 2:
1. Cauchy (Example 3.2.8)
Pareto
Burr

Loggamma (Example 3.311,  FREZEM)
o <2 BRED

- ORI

Page 133, Page 153 Table 3.4.2 44]91



¥ Loggamma Bl ¢,

Example 3.3.11: Loggamma distribution

Loggamma DB RE:

_ of

F@) ~ 5

-1
(Inz)’ 'z, =z =00, «,B>0. (318)

AN, B FRI1—1/n D2, ##E:

cn ~ ((T(8)) ™' (Inn)*'n)

1o

Page 134 45/91



ogganms SRR SR AT REREN

V1. LOGGAMMA DISTRIBUTION

Support: x> 1
Parameters: o >0, A >0
D.f.: F(x)=T(a;AlInx)
) _Ae(inx)y!
‘P'd'f" f(x)— xa.ﬂr{a)

Moments: E[X"]= (1 —-:—)-", A>n

Mode: 1, a=1, exp(il}).ﬂ:}l

S| .
258 Hogg, R. V. and Klugman, S. A. (1984), Loss Distributions, Wiley. 46/91



3.3.2 Weibull 3 RIFRAIRS |1




Recall: Weibull #1 Fréchet 3fRRI%ZR

« X hasdf &, <= — X" hasdf ¥,

- ATLATIRIE] Weibull BRI S [ AYSE(4F0 Fréchet IEFETRILL, TTRERTE
BHTETH

- REIZAL: 7E Weibull & KIRE [ hH995 70 F #8EBRINGIHS -

Page 123-124, Page 134 47[91



c, A d,, A%HY

¢, =xp — F© (1 —n*1)

* d, =zFp

- ¢, BIZ F 891 - 1/n DEEIGiR=EIER
- d, BIRAmR oF

Page 135 48/91



U, RAIRS IHRRERM: F (o —o7") BERIEMZEN, S8A —

Theorem 3.312: U, BIRKI%S |1k
FET V,,a >0 IRAKSEH, HEHNA »» < B
Fzrp —27") =27L(z) (BHRE F(zr —27") € R_,), HP L ZEMIET

R F e MDA (¥,), BBA
(M, — ) 5 @, (3.20)

Hepc,. d, 2818 FB1 - 1/n oEEARRIESNARR vr.

Page 135, FEMEIERAILH X 49/91



Weibull s AMESHaAY von Mises FELAR MDA (V,,) BIETEDTE

- Weibull B9 von Mises &4H{X5 Frechet NEEBAE, AEIZAFRT

ZSEIE (Corollary 3.313):

. (zr—7z) f(z) _
Ilgcrllw Tx) =a>0 (3.23)

- MDA(T,) FEEBEMN T (Proposition 3.314), tHBED: MDA(¥,) &
BEHE von Mises F£4HID T, EBSXESHESFNHID .

Page 136 50/91



Weibull XIS HPHIRE ST

DB BE R EFERE € dn
ISES R flz)=10<2z<1 n! 1
Power law at zp F(z) = K (zr — x)° (Kn)™ /e Tp
, _T(a+b) ., By Ta+b) \ "
peat® | 10 = iy 0= | rargen) |

=ANDFRDBIXIRL Example 3.315, Example 3.316. Example 3.3.17,

Page 137, Page 154 Table 3.4.3, TS RAXTEE R, BETHODHHSHEUEEE 51/91



Karamata Theorem: YJSIEEHZMAIFRS

Theorem A3.6: Karamata EIE
S L € Ro T [10,00) LIFEPBER, 70 >0, BPA:

/ t*L(t)dt ~ (a+1)""'2*""'L(z), T — oo,

o

(b) }WF a< -1,

/ t*L(t)dt ~ —(a+ 12t L(z), 7 — oco.

Page 567, Jovan Karamata (1902-1967), Z/RUETEIFST 52/91



Karamata Theorem: FRSIRAAEIENTLIRAIIRS

Theorem 12 (Karamata's theorem, direct part). Let f € RV, be locally
bounded on [a, ). Then

(i) foro = —(p+1)
o'+lf( )
fff’ df—w;l,oll;

(i1) foro < —(p+1)

2ot ()
[t ft)de -

(The latter also holds for o = —(p + 1) if the integral is finite.)

—(o 4+ p+1).

It turns out that this behavior also characterizes regular variation.

258 Kevei, P (2019), Regularly varying functions [Download] 53/91


https://www.math.u-szeged.hu/~kevei/tanitas/1819regvar/RegVar_notes.pdf

Beta f£ Weibull SRS

Example 3.3.17: Beta distribution

flz) = ['(a+0b)

11—z, 0 <1 b>0
F(a)F(b)x (1—x)", <x . a,

Page 137, FREIIHNY 54/91



3.3.3 Gumbel R RITRAINS |1




Gumbel |RXIES|1d5 Fréchet 1 Weibull 3R RE

- Gumbel S AIKS [EFIENZ S B EZEAR

- (REERNREDHEE Gumbel S7RHIRARILS 15+

- Gumbel DHRRANRS HFHDHELELRNGIRR or = o, BLE
REBRNARSR (zr < 00)

Page 138 55/91



Definition 3.3.18: von Mises function
< F AERDHRE, GinmA vr < oo, BRIRFE 2 <zrp EFBUT
TR

F’(:v):cexp{—/j %&}, N — (3.26)

Heb c BRAEY, of) REE—SER0Es, S« HE B
lim, 1, /() = 0. BBZ F IU{'E von Mises EREY, EREL a(-) HFRA F HOHEED
2.

Page 138 56/91



RESENDHEREBIEFHREIERR von Mise EREL

- 88197 (Example 3.3.19)

« Weibull 575 (Example 3.3.20)

- Erlang 5575 (Example 3.3.21)

- BIRAImR FHIEE1TA (Example 3.3.22)
- AEA NS (Example 3.3.23)

Page 139, IFRAIIIH N 57/91



von Mise EREIAYIS =

Proposition 3.3.24: Properties of von Mises functions
B von Mises BRE] F 1E (2, zp) EEBEEXIES:, BEREL f HIE. FHEIER

FEILUER a(z) = F(2)/f(x). BF, TEBRREBKIZ:
(@QWMRzp =00, BAFeR B
. af(x)
xh_}rglo F(w) = ©9. (3.26)

(b) IR 25 < o0, BBPAF (zr—27") e R_c B
. (zr—a) f(z) _
Erzl; W = 0. (3.27)

Page 140, IERBIIY 58/91



RIZEHEN

Definition A3.11: Rapid Variation
—ME (0,00) LIERY, EpIUASANUIRYEREY b SRIRTHRY, S8 —
(B heR ), FIR:

. h(tx) 0 if t>1,
lim = .
z—o0 h(x) oo if 0<t<.

Page 570 59/91



IENFER RS SREHHIRTEE

Theorem A3.12(b): Properties of functions of rapid variation

MR heR o, BPATFERE 00, HRE c(z) — ¢ € (0,00);
(x) = —o0,z = 00 , EXFFHLE 2 >0,

i) = el {/ %u)du} > (A14)

[RZTR88

Page 570 60/91



IENZEA R SRERIIFRTER (cont'd)

Theorem A3.3: Representation theorem for regularly varying functions

MR heR o, BPABTERE cF 6, WE c(x) — co € (0,00);
6(z) = a,x — o0, BXFHRLE 2> 0,

i) = el { / m %u)du} > (A12)

[RZTR88

Page 566 61/91



Gumbel XIS |1EAY von Mises {4

Proposition 3.3.29: von Mises functions and MDA (A)
{Ri% F /2 von Mises ER¥}l, BBA F € MDA(A), IERMESE0S:

d, = F¢< ('l — n_1) and ¢, =al(dy,),

Hep o 2 F R%HBIRREL.

Page 141, MERATLIE N 62/91



Gumbel KRS AT EFRMF

Theorem 3.3.26: Characterisation | of MDA (A)
FEF ARIEARSIE, SEREE - < o £ F BRE:

F(z) = c(x) exp {— /; %dt} , z<z<zp, (3.33)
¢l g BANEREL, HE c(r) = c>0,9(x) = 1,z T op, a(z) RIERT, 48
XHELERIREL, HEE o (v) B limgy,, d(x) = 0,

Page 142-143 63/91



Remark: Gumbel KRS IIEBFTESRY

| Z'_EEE 3.3.26 I:FI' dn = 7= (1 - n—?) , Cn = a(dn)l
» a(x) AEHRI— MR

o F(t)
/z o (3.24)

XESHE F(X —2 | X > 1), (mean excess)
- REMBTEEIMAEE, W: F2) = () exp {— [ Tyt XAR
ESRIEF ¢ g ZIAROHNE.

Page 143 64/91



Gumbel KRS 1HAI5S—HFEFM

Theor 3.3.27: Characterisation Il of MDA (A)

SRR F BT ARIRARS 8, SBNSHEEERE @ ERFIF

R

 Pa+ti)
Im =% ¢ )

AJ8ERY a = o WNZL (3.34) P,

Page 143 65/91



Gumbel BHEXIKS PRI HEMTA?

- MDA(A,) EEZFMN T=E (Proposition 3.3.28),

- BEFRZEI von Mises BRI D IS ENERENIS;
- Bk, 2:

1. B8O
Gamma o

IESS

XIENES D
REBIISEUTA (F(r) = Kexp {325 }
Benktander-type-I ] Benktander-type-II

r<zp, oK >0)

)
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{5 Gumbel ixfl iid IESSHHIRAE

Example 3.3.29 Normal distribution

Inlnn + In 47
2(2 1nn)1/2

cn = a(dy) ~ (2lnn)~"?

d, = (2lnn)"? — + o0 ((In n)_m)

Inlnn + I
Voton (M, — Vonn 4+ RN TIMATY 4 (3.40)
2(21nn)"/?

Page 145 67/91



NEGEERXERSHINEFE: TES VS Gumbel
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A Gumbel P HIEUSPMESTEERAEETR

0.0
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Page 146, Fig3.3.30, T¥&E9o X 69/91



FERITFIETE

Corollary 3.3.32: Existence of moments

X B F eMDA(N), EBERAIRR. BBA F e R .. 5,
E(XH)* <ocoFE, a>0, ,J:F'XJF—max(O X),

Page 143 70/91



3.4 The Generalised Extreme
Value Distribution and the
Generalised Pareto Distribution




- B=MR(ED I3 (GEV)
- 34K mean excess BUtKkPRD 7 (GPD)

Page 152 7191



&% 76HY Jenkinson-von Mises &5

Definition 3.4.1: The generalised extreme value distribution (GEV)

TN T RIRDTHRE:

He(z) = {exp {—('I —I—f:zc)q/g} if €40

exp{—exp{—=z}} if €=0

HAp 1+ ¢ >0,

Page 152 72/91



Remark: GEV

- BN
x>—€¢1 for £€=a'>0 .- Fréchet
x< =& for £=—-a1<0 .- Weibull
reR for £€=0 --- Gumbel

- IR PR E BRI R RIMEN R H,.,, » R GEV:
(x—p)/, peR, Y>>0

Page 158 73/91



MDA (H,) BYZFRAE
Theorem 3.4.5: Characterisation of MDA(H,)
XF ¢ e R, THImpREEM: (a) F € MDA (H)
(b) FE—NERY. ATUEE o(-), T 1462 >0, A:

_ L
P DY ARSI !fg 70, (3.42)
utor— F(u) e® if ¢ = 0.
(C)?(T_I':_F:U,y>0,y7ré1,%\U(t):F“O—tq)7 t>0, B:
: (sz) —U(s) =1 if¢ #£0
lin =(Y 3.43
s U(sy) — U(s) {E—I if€=0 543
Y 74/91
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Remarks: MDA(H, ) BIZ&AE

- I (3.42) IEXATHEFRAUT mean excess IR :

e
X>u){(1+§x) A0 )
e” if&=0

) U
lim P >

X _

ultxp CL(U)

Definition 3.4.6: Excess distribution function, mean excess function
< X HENEZE, BERDHREN F, GimRA or. T u < ap,

Fu(z)=P(X—u<z|X>u), x>0, (3.47)
FEBIIPREN v ISR fORRZEL. Mean excess function Rl J9:

e(u) =E(X —u| X >u)
Page 160-161 75/91



Mean Excess BRER: " XIHZEEHDTH

Definition 3.4.9: The generalised Pareto distribution (GPD)
TENXRRDEREL G, :

Ge(x) = {1 -+ i £20, (3.50)

1—e® if &€ =0,

Hrh,
x>0 if £€>0,

0<z<-1¢ if £<O.
Ge WFRATNET XIRRIES T (GPD).

Page 162 76/91



Remarks: [~"WIHZEIEHH

* Gewp, BHUE (v —v)/8, BiET XIHRFESHFH. MUEERIZER,
[EF TR/ GPD
* Geop, BIAFER, RS THEE, A

2N\ e
Geale)=1- (1465) . seDES) (351
0,00) if £€>0
re D pP)=
e {[o,ﬁ/a <o

Page 162 77[91



AR ¢ T GPD HIEEHE (¢ BX, RiE)
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Density
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0.0
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[ ¢ T GPD RIBERET (<K, B¥E, contd)

Page 164, Fig3.4.12 X 79/91



AR ¢ T GPD HIZEHEN

25

15

Density

1.0

1=-07

0.5

t=-05

0.0

Page 163, Fig3.411 X 80/91



GPD ZEHRERIATMRIL

83X R X85
library(shiny)

runUrl("https://yuanzhuang.xyz/uploads/EVT/GPD.zip")

Generalised Pareto Distribution (GPD)

GPD Density with g=1 g
25 -11] 25
<
b naanan s RN R R
25 2 45 4 05 0 05 1 15 2 25
o
2
[
5
a
o
T T T T T
00 05 10 15 20

81/91

Reference: Embrechts P., Kliippelberg C., Mikosch T. Modelling Extremal Events[M].



%7F GPD f)—Lb4Eie

- EX <oo, AR ¢ <1
° 1E§i§xz 6D(€,ﬁ),i21,2, %BZ

G@é (CL’1 + $2)

= e pren ( (3.53)
Gf,ﬁ (1‘1) &,B+E ( 2)

Page 165, Theorem 3.413(a)(c) 82/91



GPD 5 GEV fJXZH

Theorem 3.4.13: Properties of GPD
Rig N BRM Poi(\), Siid B4l (X,,) 1IR3z, (X,) BRM GPD 9%, S&%%
HAcand B, € My =max(Xq,...,Xn). BBA
p —1/¢
P(MNS.%') :exp{—)\ (14‘65) } IH&/M){,(Z'),

Heh = g (X 1), Hehy =B,

Page 165, Theorem 3.413(d) 83/91



3.5 Almost Sure Behaviour of
Maxima




SRR

- FRAGRASERIN IS —RIEE

- (BE—L as. NEEIS

Page 168 84/91



BB RAEIEX as. 18K

Theorem 3.5.1 Characterisation of the maximal a.s. growth of partial
maxima

R (un) IFiRL, BBA
P (M, > u, i.0.) =P (X, > u, i.0.) (3.54)
Y5allit,
P (M, > u, i.0.) = 08k =1
RET N
> P(X >up) < oo B =oo. (3.55)

n=1
Page 169 85/91



s ERAERNERD as. 181K

Theorem 3.5.2 Characterisation of the minimal a.s. growth of partial
maxima

iR (u,) AERL, BTFISRMGHE

F (u,) = 0, (3.57)
nF (u,) — oo. (3.58)
BBA
P (M, <u, i.0)=08; =1
REF

f: F (uy) exp {—nF (u,)} < 00 B = oo. (3.59)

Page 170 86/91



UEBBJL A ANRER: EIRRFITRA

Corollary 3.5.3: Characterisation of the upper and lower limits of maxima
(@) BRIZFF w.(e) = cu(1+ €) + dy,n € N IFFFFE € € (—eo, €0) B BB
AKRER

(o)

> F(un(e)) <00 B = o0

IRETF €€ (0,60) Bl € € (—e€0,0), XFE:

limsupc,' (M, —d,) =1 a.s.

n—oo

Page 173-174 87/91



IERBNL TR UeEs: ETRBRFI TR (cont'd)

Corollary 3.5.3: Characterisation of the upper and lower limits of maxima

(b) RIZFFH un(€) = cu(1+ €) + dn,n € N BAFRFFIEXSTFRE
€ € (—¢o,€0) M (3.57), (3.58), ABATFIXER

> F (un(€)) exp {—nF (un(€))} < 0o B = o0
RET e € (—c0,0) B e € (0,¢0)s XFRA:

liminfe,' (M, —d,) =1 as.

n—oo

Page 173-174 88/91



IESHBHRAENLFLLITESTE

T M, _
lim,, oo W a.s.

0.0-

Value

5- i . . .
0 25000 50000 75000 100000
n
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IRSR S HhEXERIL LU a1

« F(x) ~Ke™®, 1 — 00

)
o lim,, oo % = g a.s.

20-

‘ WUUIUUE]
90/91

05-
50000 75000
n

Value

25000

Page 176-178, FBRHEYS TiH '



PR HERAENLFLLITESTE

a.s. ,I

- M, —

1.00-

0.75-

Value

0.50-

0.25-

Page 178-179
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Thanks!
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