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1 Proposition 3.1.1 (Poisson Approximation)

ANH

. T4 70,00 Ae—FFEHK (u,), TaEHAXFN:
nF (up) — T,

P (M, <up)—e .

JERR. B—MER: 0<7 <00

M (3.4) £ (3.5) HIHEF ELE E L :

P (M, <) =F" (un) = (1= F (u))" = (1— Tio (1)>n
M (3.5) 2| (3.4), XF (3.5) PHILEUAT

In (P (M, <up))=-nln(l-F(u,)) =7
FRSMET N, —In(1 —z) ~z, x — 0", WEI nF (u,) =7+ o(1).
BoMIER: T =00, FAKIEE.

If 7 = oo and (3.4) holds, but (3.5) does not, there must be a subsequence

(ny) such that P(M,, <u,, ) — exp{—7'} as k — oc for some 7' < oc. But
then (3.5) implies (3.4), so that ng F(u,, ) — 7' < ac, contradicting (3.4) with

7 = no. Similarly, (3.5) implies (3.4) for v = nc. a

2 Corollary 3.1.2

HIL. B op < oo B
F(zp—)=F (zp) = F (zp—) > 0.
AR 2T TFAEEG T (u,) AR A
P (M < un) = p,

%z\pzo, %szlo
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S

3.4)
(3.5)

WERR. N T RS Poisson ITfL, AW p = exp{—7}, HH 0 < 7 < o0?. H Poisson ITALL,

5 (3.5) AHIETY
2B HEEoT, —RIIN0 < p< 1.



nF (up) = 7, n — 00 MR u, <xp, n AERZ, BATE F (uy) > F (zp-) >0, Ft 7= 00,
FANE ATRERIE LAy, > e, B nF (u,) =0, 7= 0. AR 7 = 00800, A p=08L1. O
3 Example 3.1.4 Poisson Distribution

%t Poisson 73 fi, £ :
P(X=k)=e " \/kl, keNy, A>0

M A :
F(k) _1_F(k:)—F(k—1)_1_P(X:k)
Fk—1) Flk—1) F(k—1)
A (&) I U VI
) Tl 2
< gl -
—1- <1+ S ,x“k> M
r—k—l—lr‘

Agiss s=r—Fk, N
S 1IN A8 — (A" Ak
Z e _Z(k+1)(/<:+2)---(k:+s)SZ(k) DY b= A

r=k+1 s=1 s=1
JITlA F(k)/F(k—1) = 0, k — 00.

4 Example 3.1.5 Geometric distribution

U A, A
P(X=k)=p(l—-p* 1t keN o0<p<l1
I8 40 3.1.4 IR,

2 1
F{/Z(ﬁ)l) =1 (1-p)k? (Z(l p)r—1> C1_pe)

r=k

XTI, AR R

S Theorem 3.2.2 Limit property of max-stable laws

REELUE R R AR AR PR o A St gl A e KA E A R SR T
X T i KA IR IR 73 A, BRBEHA — N RR IR IR 7341, 2 i fE R _EIESE:
lim F" (cpx +dp) = H(z), ze€R

n—oo
a2 ot (M, — dn) S H.
k
lim F™ (¢,z 4 d,) = ( lim F”(cnac+dn)> = H*z), z€R

n—oo (n—)oo



ERER
lim Fnk (anl‘ + dnk‘) = H(.Z‘), re€R

n—r00
Wt o (M, — dug) 4 fk,

A2, H convergence to type theorem:

et (M, — i) S HF B, o1 (M, — dn) S H H205/2, WFAE 6, > 0 A1 d, € R,

Cnk dpi, — dy,

lim — =¢;, , lim = Jk
Fr DT AL Rl AL & Yy, ..., Ve RN H,
max (V1,...,Y) < &.Y1 + dy

DRI, S AR IR BR 201 B B KA E

6 A 3.10#ESZE 3.11

WEL. W

H'(z) = H(y(t)z + (1)) (3.10)
A

V(st) =y(s)v(t), d(st) = y()d(s) + 6(¢) (3.11)
JEER.

H(z) = H(y(ts)z + 3(ts))
iy

H"(x) = (H*(2))" = H'(y(s)z +8(s))
= Hly(@)(y(s)x +0(s)) +6(t)]
= H(y(t)v(s)z +~(8)d(s) +6(t))
HIHRE —— X R, 745 (3.11). 0

7 Theorem 3.3.7 Fréchet % B AN 5|15

FIET &4, > 0 MERKRWRIIR, HHAMNY F(r) =27 L(z) (WkE FeR ), HFL
e MG AR iR A
W F € MDA (®,), 4
M, S @, (3.14)
Hfe, Z FI1—1/n 0% (B 3.13),

MERR. RIEF € R - FEMDA (®,): 2 FER _o,a>0. WA c, RIEFR FI1—1/n%
/fjiﬁy ﬁ‘:
Fep) ~n™t, n— oo, (3.15)



B F (c,) = 0, ¢ — 000 FTEARTDARIE nF (cpz)e X T 2 >0

_ F
nF (cpx) ~ _(cnx) =z % n—oo.

F(cn)
HRIEEH 3.3.2, F € MDA (®,)-

BiEF € MDA (®,) - F € R_4:

BT HA 2> 0, ¢, >0,d, € R, fEEEYSH limy 00 F™ (cnz + dp) = Po (). FRATATEL
FH A IR A RIS
lim F™ (e + dppg) = DY) = Bq, (sl/%> . s>0,2>0

LI Y (2) = B (sV/02) KSR @, = exp{—2~} ML . F convergence to type theo-
rem, H:
ius)/en = 5% H (dpg = dn) Jen = 0
AT A, e B A ENAGRF, TERAS 51 i 5 SURTIE RS fb B B R X EA

Definition A3.13 (Regularly varying sequences)
A sequence (c,) of positive numbers is regularly varying of index a e & if

r"[l’ 7]

- =1{t", t=0. O

lim

n—oo O

Whenever (c,) is regularly varying with index o, then o(r) = ¢ «) belongs

to R,. Throngh this property, most of the results of R, carry over to the

sequence case. For details see Bingham et al. [72], Section 1.9.

1: JRAEE 571 0, 1ENAR LR X

Hd, =0, BHRIETHEAE F € MDA (®,) [EEWKE nF (chz) — 7%, HIATIEZE D,
EA nF (cpr) — 27 B2 F € R_yo EH A3.8 (a) R 787487 FIAIE A0 1 K R
Proposition A3.8 (Regular variation for tails of dfs)
Suppose F is a df with F(x) <1 for all x = 0.

(a) If the sequences (a,) and (x,) satisfy an/anp1 — 1, ¥, — 20, and if for
some real function g and all A from a dense subset of (0, oa),

lim a, F{Az,)=g(X) € (0,0¢),

n— 0
then g(A) = A~ for some o > 0 and F is reqularly varying.

& 2: JR 1556 568 TH, 18748 741 A0 1E N AL 58 &R
FH ot 5 FRARIE O

8 Theorem 3.3.12 BY 7t 4 iEAR

FIRT U, > 0 BRI, HHNY 2p < 0o H F(zp —27!) = 27*L(z) (W
Flop—a ') € Roo), Heh L RIEMBZREL



R F e MDA (9,), 4
(M, — 2p) S Dy, (3.20)
Hrfepn dy 008 F W1 — 1/n 20080804 5 s (R R B AIAS 3 A 2o
ERR. 8% 2p < cor F(zp—a7)) =27 9L(x), 4
Fz)=F (zp—a') (3.21)
F. e R_o, HEH 337 S, F. € MDA (®,). ¢, =F " (1—n"1) Hdy =0, FHM
TE B H A o] S HE I
i F, € MDA (®,), A4
FP (chx) — Bo(x)
tHEp:
F* (wp = (o)) — exp {27}
L x=—yt, NAH:
F"(zp+y/c,) = exp{—(-y)*}, y<0 (3.22)
BJasR e, N o HIBIEL
=F"(1-n"")
=inf{z €R:F(zp—a7')>1-n""}
— inf {(g;F ) F) > 1 - n*l}
— (wp—inf{u: F(u)>1—n"1})""
= (zp — F< (1—=n71) "

9 Example 3.3.16: Power law behaviour

X3 AT B A A R BOR AT T T e BT 3
F)=K@xp—2)*, zr—KY*<z<zp, Ka>0
et 1 — 1/n B ALEL, A
K(zp—2)*=1/n — z=xp — (Kn) /°

L ¢, = (Kn) Y.

10 Example 3.3.17 Beta 57

Beta 73471 (1% FE B AL 40 T B :
f(x) — F(a + b) l,afl

1— )t 1 b>0
T () (1—-2)"" 0<z<l, a,




FER f(1—ab) BN, SHN —(b-1). Ba F(1—2 ) TR TR
B
F(l—x = / )y
7i%y ?ﬁzm}: FAI> 9
/ y)dy = / fl—u ) udu
m&mmmmﬂ 043 F (1—270) AL, 2808 —b, H

F(z) ~ F(lc:)(lci(—ltf—)l)(l —x) ozl

X N4 5 Example 3.3.16 H R[] power law behaviour ik, 4 K =
B Ta+b) \ /*
oo (”ma)r(b - 1>) °

11 Example 3.3.19 Exponential Distribution

I'(a+10)

More+n

WEW: F(z)=e ™ >0, A>0HBEHMEL a(x) =11

cexp{ ’ }—cexp{ Mz —2)}
= e, BRI 2 B An 1 2B A7 R 2

C

)D

12 Example 3.3.22 Exponential behaviour at the finite right endpoint

WEB: F(z) = K exp {—

.IFO

2
},x<xﬂ 0 K > 0B R AN ax) = CE T o

(%

cexp{ /33 (1) } = cexp{—/j Mdt} = cexp {o|(zp —2)7 = (zp —x)_l]}
HESL = K x exp{ alzp —3:)71}, B A] 15 21 A4 A7 2R B

13 Example 3.3.23 Differentiability at the right endpoint

L F NERIIARE, zp < oo, A 2z <zp, 8 F1E (z,2p) EZHAS, FHOVIEL.
FAN, f=F, F'(r) <0,z <x < zp. F #& von Mises FREL, iBIREN a = F/f, MHAH
l%m F(x)F"(x)/f*(z) = — (3.25)
TE AR fij B2
/ F/f — Ff/
a = T
_f2_FF/I
==



B9 limgyy, F(2)F"(2)/ f(z) =
FEAME A S S TR E B AR AL,

14 Proposition 3.3.24 Properties of von Mises functions

k. HA von Mises H13 F A& (z,op) LARGITELE, FHERKK f HIE, FIHHETAEA
(z) = F(x)/f(z)e B3k, TF@ehs EA0m 2
(a) m R xp =00, MALFeR_ B
zf(x) _
Jim F(a:) = 00. (3.26)
(b) 3R xp < oo, A F (:L’F — 1‘_1) ER_ H
i EF ) f@) _
Zlgcr; F(m) = 0. (3.27)
HUERA. (a) AN o/ (z) — 0,2 — oo, IS4 o IVIFER M i sk
lim @ lim E a'(t)dt = 0.

T—=00 X T T f,

F € R_o 1 A3.12(b) A] LLHEH

(b)
TR
lim a() = lim —/ L@dt
ztep Tp — X ztrp x T — X
S

1
= lim ~ "(wp —t)dt
im OG(CEF )

a (xp—t) = 0ast] 0. Flzp—271) € R_o H A3.12(b) AT LAEH O

S

e DI EE
ayt+ax+---+a

lim a, =1 — lim n =
n—oo n—o00 n

15 Proposition 3.3.25 Von Mises functions and MDA (A)

HE 3.24, A
F(z + ta(z)) etta(z)
P o {‘ L

/Q\ v = (u — l‘)/a(l‘)’ }%ﬁ)ﬁff%'

F(x +ta(zx)) ¢ a(z)
Fa) P {_/0 ozt va(w))d”} |
PR T R — S

, afx)  _
lim e = ! (3.31)

ULt
Fla+taz)

lim —————%% = 3.32
ey F(z) ¢ G2

¥ d, = (1/F)<(n) Ml c, = a(d,). WA (3.32) BEHE:
lim nE (d, +tcy,) =e ' =—InA(t), teR.

n—oo



16 Example 3.3.29: Normal Distrbution

VW) IEAS 4G 2E MDA(A) 1, J63RH ¢ 1 oo
W FIEA A, o T8

QL <R; < 1
e +1 T
R
B(a) ~ 22
BB B(x)/ (v p(x)) ERWBIEEN, £ ¢ (z) = —zp(z). Tik:

O(2)¢ (x)

ﬁ&‘;@ﬁ*:‘l

AFEMIE 13X 3.25 )5 AF limgyg, F(x F"( )/ f*(x)
A5 FHOK IR 307 LU A6 IR 25 A7 (K A A7 B B EATIE 8L, A

O(x) ~ () = ! e_x2/2, T — 00 (3.38)
x 2wx

RN dy N1 —1/n 3008, 715
dn = (21nn)Y/2 — Inlnn + Indr +o ((lnn)_l/Q)

2(2Inn)t/2
H:
en = a(dy) ~ (2Inn) /2
FrLAA
V2inn (M, — Valnn + mn ATy (3.40)
2(2Inn)l/2

17 Example 3.5.6 1ERB#EES

MELEH, X FREEN M F(z) ~ Ke %, 7 — o0
f:
M, 1

lim — = — a.s.
n—oolnn a

XF LA, Nz
up(€) = 2ln (K(Inpnlnyn---ln,n)Inf), r>0

X THF, Nz

roy 1 nk
une) = Eln <1n(1n2n(ln1n---lnrn)lnf,n)> 21
MR IERERELL
P (M, <up(e)io) =08 =1
WHLT e IESS

L, D, Song, L. & Tang, G. Some New Approximations and Proofs for Mills’ Ratio. Results Math 73, 27 (2018).
https://doi.org/10.1007/s00025-018-0798-5



N EEEAT L -

() 11 nk > 1
€)=—1In r
" a In(Ingn (Inyn---In,n)Intn) )’ -

U

P (M, <up(e) io.)

1
:P<Mn < —(In(nK) —In(lngn + (Ingn +Ingn + - -

)

+In,411n+ (14 €)ln,49n))) i0.)

1
=P (Mn — —(In(nK) —In(Ingn + (Ingn + - - - + In, 41 n)))
a

1 <ln3n—|—(ln2n+--'+lﬂr+1n+(1+€)lnr+2”)> io >

< -1
- an Ingn+ (Ingn + -+ +1n,4qn)

1
=P <Mn — —(In(nK) —In(lngn+ (Ingn +--- 4+ In,41n)))
a

§—11n<1+(1+6) o4z )i.o.).
a

Ingn+ (Ingn+---+Iny41n)
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